We study the existence of nontrivial solutions for the problem ∆u = u, in a bounded smooth domain Ω ⊂ R N , with a semilinear boundary condition given by ∂u/∂ν = λu − W(x)g(u), on the boundary of the domain, where W is a potential changing sign, g has a superlinear growth condition, and the parameter λ ∈ ]0,λ 1 ]; λ 1 is the first eigenvalue of the Steklov problem. The proofs are based on the variational and min-max methods.
Introduction
In this paper, we study the existence of nontrivial solutions of the following problem:
Main results
In the sequel, we consider the following functional:
Then, we show the following existence results for (P λ ).
Theorem 2.1. Let g be a continuous real-valued function on R such that the following assumptions hold: [11] ) and plays a crucial role in the proof of Palais-Smale condition.
(ii) Condition (W 1 ) is necessary and sufficient to obtain such a solution and was introduced by Alama and Tarantello, (see [3] ), for semilinear elliptic equations with Dirichlet boundary conditions. 
Proof of the main results
It is well known that the solutions of (P λ ) are critical points of the functional
In order to prove the main results, we apply the mountain pass theorem (see [4] ) and a suitable version of the linking-type theorem (see [15] ) to the functional Φ λ . The following lemma is the key for proving our theorems, in which we consider λ = λ 1 because if λ < λ 1 , the argument is the same.
possesses a converging subsequence.
Proof. Let (u n ) n ⊂ H 1 (Ω) be a Palais-Smale sequence, namely, there exist c 1 and c 2 such that
We are going to show that (u n ) n is bounded in H 1 (Ω). By assumptions (G3) and (G6), and from (3.3) and (3.4), we get for some constant c R > 0 depending on the number R of (G3),
Using the variational characterization of λ 2 , (3.5) becomes
where n is an infinitesimal sequence of positive numbers. On the other hand, using variational characterization of λ 1 , it follows that
On the other side, by (2.2) and taking into acount that n → 0, we deduce that
hence, it suffices to prove that (|k n |) n is bounded. So, if |k n | → +∞ (at least a subsequence), therefore (v n /|k n |) n is bounded in H 1 (Ω), so a subsequence, also called (v n /|k n |) n , weakly converges in H 1 (Ω) at some f and that
Indeed, if (3.9) is false, taking into acount that
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as n → +∞, we obtain e 1 2 1,2 = λ 1 ∂Ω e 2 1 = 0, which is an absurdum as we know that e 1 is the principal eigenvector related with λ 1 .
From (3.4), we obtain
with lim n→+∞ η n = 0 in R. Let φ n = (k n e 1 + v n )|k n | −1 φ, where φ is a regular function with support compact in Ω and meas(supp φ ∩ ∂Ω) = 0; then
for n large enough. So, Hölder inequality and (3.8) imply that (1/|k n |) Ω (∇v n ∇φ n + v n φ n )dx and (λ 1 / |k n |) ∂Ω v n φ n dσ are bounded.
On the other side, combining (W 0 ) and (3.9), it follows that either
In the first case, we take φ regular nonnegative function with meas(suppφ ∩ suppW + ) = 0 such that
then, by (G6) and (3.15), we get for some positive constant c,
This and formula (3.13) contradict the bound of (1/|k n |) Ω (∇v n ∇φ n + v n φ n )dσ and (λ 1 /|k n |) ∂Ω v n φ n dσ.
For the second case, it suffices to take φ nonnegative function with meas(suppφ ∩ suppW − ) = 0 such that
Finally, we have proved that (u n ) n is bounded, this implies the existence of a subsequence weakly converging in H 1 (Ω). On the other side, thanks to (G2) and the compact embed- 
where by (G4),
(3.21)
On the other hand, using arrangement-finite theorem, there exists a function 0 < θ ≡ θ(x,t,v) < 1 such that so by (G2),
while, if |te 1 + θv(x)| ≤ 1, using again (G2), one obtains 
where C 1 , C 2 are two positive constants. Hence, using Sobolev trace embedding, for < A/C 1 , we deduce
For r > 2, the least expression is strictly positive as v 1,2 is close to 0.
Proof of Theorem 2.1. We will study only the case λ = λ 1 because if λ < λ 1 , it is easily proved that the functional Φ λ has a condition of mountain pass structure. Now, it suffices to prove that there exist u ∈ H 1 (Ω) such that u 1,2 > ρ, ρ large enough satisfying Φ λ (u) < 0 which completes the proof of Theorem 2.3.
Let t ∈ R and φ ∈ C ∞ 0 (suppW + ), where W + (x) = max(W(x),0) (note that φ is well defined, thanks to (W 0 )).
Using (G4), we obtain
Then, there exists t 0 > 0 large enough, such that u = t 0 φ. Hence, using mountain pass lemma, there exists a critical point u of Φ λ1 at the level
where
is the class of the path joining the origin to u. The positivity of u can be checked by a standard argument based on (3.29) (which yields the nonnegativity of u) and by the strong maximum principle of Vazquez [17] (which yields the strict positivity of u).
The proof of Theorem 2.3 is based on Lemma 3.1 and the following version of the linking theorem, see [15] . 
Proof of Theorem 2.3. Set E = H 1 (Ω) and J = Φ λ in Proposition 3.3.
First, thanks to Lemma 3.1, Φ λ satisfies Palais-Smale condition. We take
Then, for ρ small enough, we have
As for the proof of (J2), first of all, we note that, as also observed in [15] , it is enough to prove the following two properties: 
